We shall obtain the best bound in Ozeki's inequality which estimates the difference of Cauchy's inequality. We also give an operator version of Ozeki's inequality which extends an inequality on the variance of an operator.
INTRODUCTION
This paper is in continuation to our preceding note [3] on Ozeki's inequality. We first recall it [7, p. This is complementary to Cauchy's inequality. Recently, we initiated to extend an operator version of this inequality, which is motivated by the work on the covariance and variance of operators due to Fujii et al. [1] .
An operator version of (1.2) might be given via diagonal matrices as follows: If A and B are commuting,, and satisfy the conditions 0 _< m < A <_ M and 0 < m2 _< B _< m2, then for a unit vector x (AZx, x)(BZx, x) (ABx, x) 2 <_ (M1M2 mlm2) 2. (1.3) However, (1.3) is incorrect in general, which we could show by using 3 3 matrices (cf. [3] ). In [3] , we pointed out that the initial inequality (1.2) We also showed in [3] an operator version of (1.5) which was proved by using inequalities (given in [1] ) on the covariance and the variance of operators.
In this paper, following the original idea due to Ozeki [8] we give an improvement of (1.5) which is best possible. Roughly, the constant n2/2 in (1.5) is sharpened by n2/3. We note here that the example (1.4) is suggestive of our discussion below, for which the left hand side of (1.2) is 3 32/3.
As an application, we show the following inequality instead of (1. (1.2) and at the same time we improve the constant n2/2 of the inequality (1.5). Though the original proof of (1.2) includes some minor overlooks, it will be right methodologically. Basically we owe our proof to the original idea of Ozeki [8] . T <_ { t(s-t) + t(n s) / (s-t)(n s)}(1 aft). 
Hence by a similar argument as in Case I we have T < (n2/3) (1 ctfl)2.
We have shown that the constant n2/3 is a best bound in Ozeki's inequality (2.1) and is the best with respect to n, when n-3u.
Considering the best constant for a general integer n, we have: Then in order to obtain the maximum of S, we have to find the (smallest) ellipse which has no point of A' in the interior and which passes through at least one point of A'. By.a simple computation we can see that the desired ellipse is the one corresponding to c 1 / 2 , on which lie the three points (2u, u), (2u + 1, u) and (2u + 1, u + 1) of A'. Hence the maximum of S is (n2/3) c (n 2 1)/3. For the case when n 3u-we can obtain the same value (n 2-1)/3 as the maximum of S similarly. 3 
REFINEMENT OF OZEKI'S INEQUALITY
In the preceding section for the extremal n-tuples a and b having the forms in (2.2), we showed, for the Case I" 0 <_ < s _< n, T-t(s t)(1 -/3) + t(n s)(1 c) + (s t)(n s) ( Hence, if the condition (3.7) is satisfied then the maximum Tmax of T is attained for x, y and z of (3.6), and then from (3.1) we obtain Tmax ABCn2
(1 a/3)Zn If a and/3 are rational, then for a sufficiently large integer n the values of x, y and z of (3.6) become integers, and then T really attains its maximum Tma of (3.8 
